




NEW MODELS OF SYNERGETICS TOPOLOGY

periodic hierarchy. These progressive arr ivals are recognizable
as the fami l y o f P la ton ic o r Arch imedean po lyhedra . A l l the
vertices of the successive forms by the angular closing of imme
diately adjacent edges of the polyhedra are always diminishingly
equidistant from the same centers. The vertices of each of these
mtertransforming states are always positioned in a progressively
expanding or contracting sphere while still maintaining the same
distances between the adjacent two vertices.

The flexible joined regular and semi-regular unstable poly
hedral systems can be folded into those with fewer regular plane
windows, accomplishing the symmetrical collapsing of the same
kind of regular windows and ultimately into at least one of the
multiple congruent tetrahedra, octahedra or icosahedra which are
enclosed with the omnitriangulated windows. The only 3 possible
omnitr iangulated and omniequiangulated structural systems are
defined as "3 Ground States" of Synergetics Topology.

Both the flex ib le jo ined regular and semi- regular vector -
s t ru t mode ls l i e w i th a l l the jo in ts (ve r t i ces o r po in ts ) i n a
conta in ing sphere, the c i rcumsphere. Each and every vector -
length between the adjacent two joints are equal. There are only
3 possible types of flexible joints, because all of Platonic and
Archimedean polyhedral systems can be sorted out by three, four
or five vectors around each of the i r ver t ices; va lency o f the
system. All models of polyhedral systems used in this research
are made of these three types of flexible joints, windows and
struts of the same length (Kajikawa & Sagara 1984b, 1985c).

The fo l lowing are fu l l exp lanat ions o f the data g iven in
Periodic Table of Synergetics Topology".

Column 1) shows the polyhedral systems arranged in order of
number of edges, from 1 to 18.

Column 2) contains the tetrahedron, the octahedron and the icosa-
hedron constructed from equilateral triangles. They are the
only 3 possible omnitriangulated structures in nature.

Column 3) contains the 15 unstable Plato-Archimedean polyhedral
systems.

Column 4) gives the geometric name for each of the polyhedral
systems.

Column 5) shows the number of edges for each polyhedral system.
Column 6) shows how all of the unstable regular and semi-regular

polyhedral systems can be folded into those with fewer plane
w indows and u l t ima te l y i n to a t l eas t one o f "3 Ground
States" by accumulating vector-struts of the same number at
each of their normal vector-struts. The numbers appearing
in th is co lumn s ign i fy the number o f mul t ip le congruent
polyhedral systems which will be formed by the continuous
con t rac t i ng p rocess w i th t he ax ia l sp innab i l i t y. The a r
rows, x—*y mean that the continued folding- of the figure x
w i l l r e s u l t i n y.

Column 7) show that when the numbers of vector-edges of each
polyhedral system is divided by 6, the result will be one or
more of the synergetics first four prime numbers, 1, 2, 3, 5
or multiples thereof. There are either six vectors or none.
Six vectors equal one minimum structural system. 6 edge-
vectors = 1 structural quantum, (quantum means one of the
small subdivisions of a quantized physical magnitude) The
definab le sys tem o f a l l P la to -A rch imedean po l yhed ra i s
tet rahedra l ly coord inate in rat ional number increments ofthe tetrahedron.
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1.

4. 5.

Fig. 1. Symmetrical Contract ion of Cube with Axial Spinnabi l i ty
of Two Poles: Tetrahedral Progression

The ax i s t r ansfixes t he cube t h rough t he oppos ing no r th and sou th
p o l e s ( 1 ) . I f e a c h p o l e r o t a t e s a b o u t t h e a x i s i n t h e o p p o s i t e
d i r e c t i o n b y t h e a n g u l a r c l o s i n g o f a d j a c e n t e d g e s ( 1 ) , t h e c u b e
w i l l c o n t r a c t s y m m e t r i c a l l y t o b r i n g t o g e t h e r t h e t w o o p p o s e d
v e r t i c e s w h i c h l i e o n t h e d i a g o n a l o f t h e s q u a r e ( 2 ) u n t i l i t
b e c o m e s fi r s t t h e i n c o m p l e t e o c t a h e d r a l p h a s e ( 3 ) . I n t h i s c a s e
t h e t w o s e t s o f d o u b l e e d g e s s u g g e s t p o l a r i z a t i o n . N e x t , a s t h e
t w o p o l e s a p p r o a c h e a c h o t h e r o n t h e a x i s t o c o m e t o g e t h e r t h e
o t h e r p a i r s o f o p p o s i n g v e r t i c e s ( 4 ) ( 5 ) , t h e c u b e f o l d s i n t o t w o
c o n g r u e n t t e t r a h e d r a ( 6 ) . We h a v e a r r i v e d a t t h e t e t r a h e d r o n a s a
p r e c e s s i o n a l r e s u l t s . T h e d o u b l e t e t r a h e d r a i s t h e l i m i t c a s e o f
c o n t r a c t i o n t h a t e x p a n d s a g a i n s y m m e t r i c a l l y o n l y t o c o n t r a c t
o n c e m o r e t o b e c o m e t h e o t h e r d o u b l e t e t r a h e d r a . T h e c u b e c o n
s i s t s o f a p o s i t i v e ( r e d ) a n d a n e g a t i v e ( b l a c k ) t e t r a h e d r o n a n d
i s a n i n d i v i s i b l e u n i t y . I n o t h e r w o r d s , s i n c e t h e t o t a l n u m b e r
o f e d g e s a n d v e r t i c e s o f t h e c u b e i s e x a c t l y t w i c e t h a t o f t h e
t e t r a h e d r o n , w e c a n r e f e r t o t h e c u b e a s " t w o q u a n t a " i n o u r
t e t r a h e d r a l s y s t e m . R a n k i n g t h e m o d e l s i n t e r m s o f t h e n u m b e r o f
e d g e s , co l u mn 5 o f t h e t a b l e sh o w s h o w 1 8 t yp e s o f P l a t o n i c a n d
A r c h i m e d e a n p o l y h e d r a a r e a l l , w i t h o u t e x c e p t i o n , c o m p o s e d o f
e d g e s w h o s e n u m b e r s a r e m u l t i p l e s o f s i x . M u l t i p l i c a t i o n o c c u r s
o n l y t h r o u g h t h e r a t i o n a l f r a c t i o n a t i o n o f t h e c o m p l e x u n i t y o f
the m in imum p r ime s t ruc tu ra l sys tems .
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Fig. 2. Four Spoke-Axes of Dodecahedron with Rotating Vertices:
Tetrahedral Progression

I f f o u r b l a c k v e r t i c e s w h i c h h a v e a t e t r a h e d r a l c o n fi g u r a t i o n i n
t h e d o d e c a h e d r o n ( 1 ) s l i d e i n w a r d l y a n d o t h e r f o u r r e d v e r t i c e s
s l i d e o u t w a r d l y w i t h s p i n n i n g o n e i g h t s p o k e - a x e s f o r m i n g f o u r
a x e s i n r i g h t d i r e c t i o n , t h e w h o l e s y s t e m b e c o m e s fi r s t t h e t h r e e
f r e q u e n c y t e t r a h e d r a l p h a s e ( 2 ) . A n d i f f o u r r e d v e r t i c e s s t a r t
t o s p i n i n w a r d l y t o w a r d " t h e r i g h t " o n f o u r a x e s , t h e w h o l e
s y s t e m w i l l c o n t r a c t u n t i l i t b e c o m e s t h e c o m p l e x u n i t y o f t h e
t e t r a h e d r a ( 3 ) . O n l y b y a b a n d o n i n g t h e f o u r s p o k e - a x e s i n t h e
s y s t e m , t h e d o d e c a h e d r o n w i l l u l t i m a t e l y b e c o m e t h e fi v e
c o n g r u e n t t e t r a h e d r a w i t h s p i n n i n g o n t h e r e m a i n i n g f o u r s p o k e -
axes ( 4).
T h e r e i s t h e r i g h t - h a n d e d d o d e c a h e d r o n . To c o l l a p s e a d o d e c a
h e d r o n i n t o fi v e c o n g r u e n t t e t r a h e d r a s o a s t o p r e s e r v e t h e c o l o r
symmetry a t each o f te t raedges ( the combinat ion o f two red edges,
t w o b l a c k e d g e s a n d o n e w h i t e e d g e ) , w e m u s t r o t a t e i t l e f t o r
r i g h t o n t h e a x i s p r o d u c e d b y t r e a t i n g t h e t w o v e r t i c e s o f t h e
dodecahedron as N and S pole respect ively.
T h e s i g n i fi c a n c e o f " t h e a d d i t i v e t w o n e s s " i n E u l e r ' s f o r m u l a
V + F = E + 2 is also borne out here in the function of the north and
s o u t h p o l a r i t y . I n t h e t r a n s f o r m a t i o n o f t h e d o d e c a h e d r o n , t h e
po lar i ty o f the same two opposed ver t i ces is a lways preserved and
fi n a l l y t h e t w o p o l e s o v e r l a p o n t h e a x i s t o a r r i v e a t t h e m o s t
p r i m i t i v e s t a t e . T h e p o l a r i t y i s i n h e r e n t i n c o n g r u e n c e , d i s
c l o s i n g t h e m o s t s t a b i l i z e d s y m m e t r i c a l s t a t e o f n u m b e r e d
s y n e r g e t i c s t o p o l o g i c a l h i e r a r c h y.
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Column 8) shows that in a quantum leap, the increase or decrease
in the number of quanta will always appear in the order of
the synergetics first four prime numbers, 1, 2, 3 or 5.

2. Basic Frame Models of Synergetics Topology
We can thread a nylon string through each of the 12 equal-

length tubes twice to make a loop and fasten them together with
three tubes joined at each of 8 corners to make the cube, which
p roves to be s t ruc tu ra l l y uns tab le (See F ig . 1 ) . The tubu la r
frame models of all Platonic and Archimedean polyhedra can be
constructed by using this loop-ligature technique (Kajikawa 1983,
Kajikawa & Sagara 1984a)

1.

3.

Fig. A Loop Formed by Stringing Twice Through Each Tube

(1) A loop o f the cube.
( 2 ) D e t a i l o f t h e l o o p j o i n t c o n n e c t e d w i t h t h r e e t u b e s .
(3 ) A l oop o f t he oc tahedron .
( 4 ) D e t a i l o f t h e l o o p j o i n t c o n n e c t e d w i t h f o u r t u b e s : T h e

s t r i n g a l w a y s t u r n s l e f t o r r i g h t a t e a c h c o r n e r t o m a k e a
l o o p .
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3 . Ro ta t ion o f Four Axes o f Trunca ted Cube: Ar t i cu la t ion o f E igh t
Triangular Faces with Twelve Edges

We c a n h a v e a t r u n c a t e d c u b e m o d e l m a d e o u t o f t u b u l a r
f r a m e s c o l o r e d i n r e d , b l a c k a n d w h i t e w i t h e a c h o f t h e e i g h t
t r a n s p a r e n t p l a s t i c t r i a n g l e s c o n n e c t e d b y f o u r a x e s w i t h a
j o u r n a l t o s l i d e o n t h e s h a f t s . E a c h s h a f t c o n s i s t s o f a s t a i n
l e s s s t e e l r o d w h i c h i s p e r p e n d i c u l a r t o t w o o f t h e e i g h t
t r i a n g u l a r f a c e s . T h i s m o d e l w a s i n v e n t e d i n 1 9 8 4 - 8 5 ( K a j i k a w a
& Sagara 1985b).

T h e t e r m " t r u n c a t e d " i n t h e n a m e s o f m o s t o f A r c h i m e d e a n
p o l y h e d r a r e f e r s t o t h e n e w f a c e s c r e a t e d b y l o p p i n g o f f t h e
v e r t i c e s o r t h e e d g e s o f t h e s o l i d . H o w e v e r , i n t h e d y n a m i c
f rame mode ls the lopp ing o f f ne i ther inc reases nor decreases the
t o t a l n u m b e r o f f a c e s . B y r o t a t i n g t h e r e g u l a r p o l y g o n s w e
m e r e l y b r i n g a b o u t e i t h e r a n e x p a n s i o n o r a c o n t r a c t i o n o f t h e
model i tse l f . By means of the rotat ion we are doing no more than
open ing o r c los ing w indows in the mode l . In the var ious con t rac
t i n g p h a s e s , e a c h o n e o f t h e i r v e r t i c e s b r i n g s a b o u t a f u r t h e r
c i r cumsphe r i ca l cond i t i on t o accommoda te t he who le mo t i on . The
i n s t a n t a n e o u s a p p e a r a n c e o f t h e n e x t n e i g h b o r i n g s t a t e i n i t s
s implest and complete ly symmetr ica l condi t ion is what we mean by
a " w a y - s t a t i o n " s t a t e w i t h s t r u c t u r a l q u a n t a .

I t i s v i s u a l l y e v i d e n c e d t h a t a t t h e " w a y - s t a t i o n " s t a t e s i n
" P e r i o d i c Ta b l e o f S y n e r g e t i c s To p o l o g y " , t h e s m o o t h l y o m n i -
i n t e r t r a n s f o r m i n g i s f o u r - d i m e n s i o n e d , a c c o m m o d a t e d b y l o c a l
r o t a t i o n s a r o u n d f o u r a x e s o f t h e s y s t e m . R o t a t i o n o f f o u r a x e s
o f t h e t r u n c a t e d c u b e d e m o n s t r a t e s t h e p r o g r e s s i v e a r r i v a l s a t
t hese va r i ous conve rgen t -d i ve rgen t t r ans fo rma t i ons .
A . I f f o u r r e d t r i a n g l e s o f t h e m o d e l s p i n i n l e f t d i r e c t i o n a n d

f o u r b l a c k t r i a n g l e s s p i n i n r i g h t d i r e c t i o n i n w a r d l y o n f o u r
a x e s , t h e w h o l e s y s t e m w i l l c o n t r a c t s y m m e t r i c a l l y u n t i l i t
b e c o m e s fi r s t t h e i n c o m p l e t e r h o m b i c u b o c t a h e d r a l p h a s e a n d
fi n a l l y t h e i c o s a h e d r a l p h a s e . A t t h i s s t a g e , t h e i c o s a h e d r o n
has s ix sets of double whi te edges and twenty- four edges com
p r i s i n g e i g h t s e t s o f r e d a n d b l a c k t r i a n g l e s w i t h e i g h t
s p o k e s f o r m i n g f o u r a x e s r u n n i n g t h r o u g h t h e c e n t e r s o f t h e
u n c o l o r e d a r e a s o f t h e t r a n s p a r e n t p l a s t i c t r i a n g l e s . T h e r e
i s a d i r e c t i o n o f s p i n t h a t t h r o w s a t w i s t i n t o t h e s y s t e m - -
p o s i t i v e a n d n e g a t i v e . T h e r i g h t - h a n d e d i c o s a h e d r o n a n d t h e
l e f t - h a n d e d i c o s a h e d r o n a r e n o t t h e s a m e . W e c a n s e e t h a t
there a re rea l l y two d i f fe ren t i cosahedra by means o f co lo r ing
t h e v e c t o r s t o i d e n t i f y t h e m ( K a j i k a w a & S a g a r a 1 9 8 5 a ) ( S e e
F i g . 4 a ) .

B . I f a l l t he t r i ang les o f t he t r unca ted cube mode l sp in i nwa rd l y
on four axes in the same d i rec t ion, the whole sys tem wi l l a lso
c o n t r a c t s y m m e t r i c a l l y u n t i l i t b e c o m e s t h e i n c o m p l e t e r i g h t -
handed o r l e f t - handed snub cube phase , and fina l l y t he oc ta
h e d r o n p h a s e . A t t h i s s t a g e , t h e v e c t o r e d g e s h a v e t r i p l e d .
T h e r e i s a l s o a d i r e c t i o n o f s p i n t h a t t h r o w s a t w i s t i n t o t h e
s y s t e m - - p o s i t i v e a n d n e g a t i v e . T h e r i g h t - h a n d e d o c t a h e d r o n
and the lef t -handed octahedron are not the same (See Fig. 4b).

C . I f f o u r r e d t r i a n g l e s o f t h e t r u n c a t e d c u b e m o d e l s p i n i n
w a r d l y i n l e f t d i r e c t i o n a n d f o u r b l a c k t r i a n g l e s s l i d e i n
ward ly a long the four axes w i thout sp inn ing , the who le sys tem
w i l l con t rac t s ymme t r i ca l l y un t i l i t becomes t he cuboc tahed ra l
phase, wh ich has the four se ts o f doub le -edged red and wh i te
t r i a n g l e s a n d t h e f o u r s e t s o f s i n g l e - e d g e d b l a c k t r i a n g l e s
( S e e F i g . 4 c ) .
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The eight triangles are always linked with twelve white edges
between each of the two adjacent triangles and when one trian
g l e i s t u r n e d i n t h e o p p o s i t e d i r e c t i o n , t h e o t h e r s a l s o
rotate automatical ly to inter lock the whole system. This l ink
motion reverses the system to the potential alternate cubocta-

Fig. 4a. Four Axes of Truncated Cube with Rotating Triangles:
Icosahedral Progression

I f t he t r unca ted cube i s cons t ruc ted w i t h 36 c i r cumfe ren t i a l
vectors joined at each of 24 corners, each triangle rotates about
8 spokes forming 4 axes, meeting at its center, and approaches
i t s c e n t e r d u e t o t h e i n s t a b i l i t y o f t h e o c t a g o n a l f a c e s . I t s
various phases are shown in both left- and right-handed contrac
t i o n .
(1) Truncated cube phase: the beginning of the transformation.
(2) The incomplete rhombicuboctahedral phase: When the short

d iagona l d imens ion o f the oc tagona l face is equa l to the
truncated cube's edge length, new 18 square faces are formed.

(3) Icosahedral phase: There are no more octagons and squares.
We have a condition of omnitriangulation. Around every ver
tex we can always count five. Note that in both lef t - and
r igh t -handed case th ree pa i rs o f oppos i te doub l ing wh i te
edges which are parallel to one another suggest the alternate
skew-transformation by precessional rotation.
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1. 3.

Fig. 4b. Four Axes of Truncated Cube with Rotating Triangles:
Octahedral Progression

The system's ver t ices a lways remain spher ica l ly arrayed, and
descr ibe a smooth, overal l , spheric cont inuum-contract ion from
the largest to the smallest.
A s e a c h t r i a n g l e s p i n s i n w a r d l y o n f o u r a x e s i n t h e s a m e
direction, the truncated cube (1) transforms through the incom
plete snub cube phase (2) and ends at the octahedral phase (3).
Note that because the truncated cube has 36 edges and 24 vertices
the octahedra have accumulated 3 edges and 4 vertices respective
ly at each of their 12 normal edges and their 6 normal vertices.

1.

Fig. 4c. Four Axes of Truncated Cube with Rotating Triangles:
Cuboctahedral Progression

The four red triangles of the truncated cube (1) spin inwardly in
r i gh t o r l e f t d i rec t i on and the fou r b lack t r i ang les s l i de i n
wardly along the four axes without spinning (2) until the whole
system becomes the cuboctahedral phase (3).

- 10 -
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F ig . 4d . Ro ta t i on o f
Color Symmetry

Tr iang les on Four Axes : A l te rna t ion o f

When one of the red triangles of the cuboctahedral phase (1) is
turned in the opposite direct ion, the other tr iangles also rotate
au toma t i ca l l y t o i n t e r l ock t he who le sys tem (2 ) . F i na l l y t h i s
l ink motion reverses the system to the al ternate cuboctahedral
phase again ( 3 ).

1 . 2 . 3 .
Fig. 4e. Four Axes of Truncated Cube with Rotating Triangles:
Intermediate Transformations as Jitterbug System

Due to the ins tab i l i t y o f the square faces, there is a fu r ther
c o n t r a c t i o n t o w a r d t h e o c t a h e d r a l p h a s e . T h i s s y m m e t r i c a l
t rans format ion is s imi la r in the convergent -d ivergent p r imi t i ve
s ta tes which have been re fer red to as the " j i t te rbug" (Vector
E q u i l i b r i u m ) b y R . B . F u l l e r a n d t h e s t r u c t u r a l q u a n t a i n t h e
s tab i l i zed s ta tes are d i f fe ren t .
(1) Vector Equilibrium (cuboctahedron) phase: Note that the only

four triangle parts have the doubling of the edges.
(2) Icosahedral phase: When the short diagonal dimension of the

quadri lateral face is equal to the vector equi l ibr ium's edge
length, twenty equilateral tr iangular faces are formed.

(3) Octahedral phase: Note the tripling of the edges.

- 11
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hedral condition again. But the new cuboctahedral phase have
completely rearranged the color symmetry of the doubling of
the edges (See Fig. 4d).

E . I f a l l t h e t r i a n g l e s o f t h e c u b o c t a h e d r a l p h a s e s t a r t t o
rotate about these axes, just as in the single cuboctahedron
("J i t terbug" in Ful ler notat ion), the whole system wi l l con
t r a c t s y m m e t r i c a l l y u n t i l i t b e c o m e s fi r s t t h e i n c o m p l e t e
icosahedral phase, and finally the octahedral phase. At this
stage, the vector edges have tripled, too (See Fig. 4e).

4. Symmetrical Contractions with Axial Rotations of Platonic and
Archimedean Polyhedral Systems

The platonic and Archimedean polyhedral systems to be trans
formable into one of "3 Ground States" have:
A. the inherent axial rotation.
B. the local-surface's spiral wrinkl ings caused by axial torque,

when one pole spins right and the other spins left.
C. the polarity that is inherent in congruence.
D. the symmetr ical t ransformat ion posi t ioned in a sphere that

is progressively expanding or contracting.
There are 14 new dynamic frame models of Synergetics Topology.
(1) Rotation of 1 Axis of Cube (See Fig. 1)
(2) Rotation of 4 Spoke-Axes of Truncated Tetrahedron

(See Fig. 9)
(3) Rotation of 1, 4 Spoke-Axes or 4 Axes of Dodecahedron

(See Fig. 2)
(4) Rotation of 1, 3 or 4 Axes of Truncated Octahedron
(5) Rotation of 1 or 4 Axes of Truncated Cube (See Fig. 4a, 4b,

4c, 4d, 4e)
(6) Rotation of 1, 3 or 4 Axes of Rhombicuboctahedron
(7) Rotation of 1, 3 or 4 Axes of Snub Cube
(8) Rotation of 1, 3 or 4 Axes of Icosidodecahedron (See Fig. 5)
(9) Rotation of 1, 3 or 4 Axes of Truncated Cuboctahedron
(10) Rotation of 1 or 10 Axes of Truncated Dodecahedron
(11) Rotation of 1,4 Spoke-Axes or 6 Axes of Truncated Icosa

hedron (See Fig. 6)
(12) Rotation of 1, 3, 4, 6 or 10 Axes of Rhombicosidodecahedron
(13) Rotation of 1 or 4 Spoke-Axes of Snub Dodecahedron
(14) Rotation of 1, 3, 4, 6 or 10 Axes of Truncated Icosidodeca

hedron
(See "Per iod ic Tab le o f Synerge t i cs Topo logy" i nc lud ing the
axial spinnabi l i ty of vert ices or faces.)

RECIPROCAL ALLSPACE-FILLING TRANSFORMATIONS

1. Allspace-filling Transformations of Truncated Cube
Because the t runcated cube and the oc tahedron wi l l fi l l

space, i t is possible to v isual ize a device for the cont inuous
a l l s p a c e - fi l l i n g " t r u n c a t e d c u b e " t r a n s f o r m a t i o n s . I f w e j o i n
many truncated cubes at their regular octagonal faces in a double
a l l space -fi l l i ng a r rangement , t he t r i angu la r faces fo rm oc ta
hed ra l vo ids . A f te r we pu t t oge the r a l a rge omn id i rec t i ona l
complex of sets of four axes and eight transparent plastic trian
gles with twelve edges, we can interconnect the triangles of the
octahedral voids from set to set with al ternate sets of twelve
edges (See Fig. 7-1). As the truncated cubes contract towards
each center, just as in the "single truncated cube", they trans
form through the rhombicuboctahedral phase and the cuboctahedral

- 12 -
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1 . 2 . 3 .
F i g . 5 . F o u r A x e s a n d T h r e e A x e s o f I c o s i d o d e c a h e d r o n
R o ta t i n g Tr i a n g l e s a n d Ve r t i ce s

I t i s poss ib le to ar range 20 t r iang les around pentagons. The
shape is the icosidodecahedron. This model is constructed with
eight spokes forming four axes and six spokes forming three axes,
meeting at i ts center, which pass through the centers of eight
t r iangles and six vert ices respect ively (1).
I f s i x ve r t i ces wh i ch have a oc tahed ra l configu ra t i on i n t he
icosidodecahedron spin outwardly on the three axes and eight
t r iangles sp in inward ly on four axes in the opposi te d i rect ion
respect ively, the whole system wi l l become first two frequency
r ight- or le f t -handed octahedra l phase (2) . And i f s ix ver t ices
start to approach i ts center, the whole system wi l l contract to
become the cuboctahedral phase (3).

w i t h

F i g . 6 . S i x A x e s o f Tr u n c a t e d I c o s a h e d r o n w i t h R o t a t i n g P e n t a
gons: Dodecahedral Progression

The shape is the truncated icosahedron (1). When a model is con
st ructed wi th 12 spokes , i .e . s ix axes, meet ing at i ts center,
which pass through the centers of each pentagon, a symmetrical
behav io r resu l t s . I f t he twe l ve pen tagons o f t he mode l sp in
inwardly on six axes in the same direction, the whole system will
c o n t r a c t s y m m e t r i c a l l y u n t i l i t b e c o m e s fi r s t t h e i n c o m p l e t e
r ight-handed or le f t -handed snub dodecahedral phase (2) , and
finally the dodecahedral phase (3). Note that because the trun
cated icosahedron has 90 edges and 60 vertices the dodecahedra
have accumulated 3 edges and 3 vertices respectively at each of
their 30 normal edges and 20 normal vertices. 3 congruent dodec
ahedra can be ultimately transformed into 15 congruent tetrahedra
in similar progressive way of a normal dodecahedron by replacing
the six axes with the four spoke-axes (See Fig. 2).

13
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1.

Fig.7. Reciprocity of Truncated Cubes and Octahedra in Space-
Filling "Truncated Cube"

I n t h e a l l s p a c e - fi l l i n g " t r u n c a t e d c u b e " t r a n s f o r m a t i o n , w e fi n d
t h a t i f o n e f o r c e i s a p p l i e d t o o n e t r i a n g l e o f o n e o p e n t r u n
ca ted cube , t he ac tua l t r unca ted cube c l oses t o become an oc ta
h e d r o n t h r o u g h o u t t h e w h o l e s y s t e m a n d t h a t e a c h o n e o f t h e i r
v e r t i c e s b r i n g s a b o u t a f u r t h e r s p h e r i c a l c o n d i t i o n t o a c c o m m o
d a t e t h e w h o l e m o t i o n w i t h a l a r g e o m n i d i r e c t i o n a l c o m p l e x o f
s e t s o f f o u r a x e s . T h e o r i g i n a l t r u n c a t e d c u b e s ( 1 ) c o n t r a c t
through rhombicuboctahedra l phase (2) and cuboctahedra l phase (3)
and u l t ima te l y become oc tahed ra (4 ) . The re i s a comp le te change
o f t h e t w o fi g u r e s . T h e r e i s a l s o a f o r c e d i s t r i b u t i o n l a g i n t h e
s y s t e m . T h e d i s t a n c e b e t w e e n e a c h o f t h e t w o a d j a c e n t c o r e s o f
t h e m o d e l s i s a l w a y s c o n s t a n t i n b o t h d o u b l e ( 1 ) ( 4 ) a n d t r i p l e
( 2 ) ( 3 ) a l l s p a c e - fi l l i n g a r r a n g e m e n t s .

- 14
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1 . 2 .

F ig . 8 . Reciproc i ty o f Truncated Tetrahedra and Tetrahedra in
Space-Fill ing "Truncated Tetrahedron"

Because the t runcated tetrahedron and the tetrahedron wi l l fi l l
s p a c e , i t i s p o s s i b l e t o v i s u a l i z e a s p a c e - fi l l i n g " t r u n c a t e d
tetrahedron" transformation. I f we combine truncated tetrahedra
o n t h e i r r e g u l a r h e x a g o n a l f a c e s i n a d u a l a l l s p a c e - fi l l i n g
arrangement, the tr iangular faces form tetrahedral voids (1). As
the truncated tetrahedra contract towards each center, just as in
the s ing le " t runcated te t rahedron" ! See F ig .9) , they t ransform
through the icosahedral phase , and end at the tetrahedral phase
(2). Every truncated tetrahedron wil l become a tetrahedron and
every tetrahedron will become a truncated tetrahedron on a large
omnidirectional complex of the sets of four spoke-axes, because
in the al lspace-fil l ing transformation there are constant numbers
of actual t r iangular faces. There is a complete change of the
two figures and a force distribution lag in the system.

Fig. 9. Four Spoke-Axes of Truncated Tetrahedron With Rotating
Triangles

I f fou r t r i ang les o f the the t runca ted te t rahedron (1 ) sp in in
the same direct ion, the system wi l l contract symmetr ical ly unt i l
i t becomes the incomplete icosahedral phase (2) and finally the
te t r ahed ra l phase (3 ) . A t t h i s s t age , t he vec to r edges have
t r i p l e d .

If)
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Fig. 10. Transformat ion of Dodecahedron and Great Ste l la ted
Dodecahedron as Space-Filling "Cubic Disequilibrium"

If we join many dodecahedra with four axes at the parts of their
regular pentagonal faces in a dual al lspace-fil l ing arrangement,
the pentagonal faces form the incomplete great stellated dodeca
hedral voids with four axes (1).
I n t h e a l l s p a c e - fi l l i n g " c u b i c d i s e q u i l i b r i u m " t r a n s f o r m a t i o n ,
the dodecahedra contract to become the incomplete great stellated
dodecahedra, and the original incomplete great stellated dodeca
hedra expand and ultimately become dodecahedra (2). There is a
rotationlessly complete change of the two figures.

Fig. 11.
Order

Reciprocity of Cubic Disequi l ibr ium with Icosahedral

If the dodecahedron (1) collapses toward its center to preserve
the three parallel pairs of white edges, it becomes the incom
plete great stellated dodecahedron (2). At this stage, both ends
of six white edges form twelve vertices of the icosahedral phase.
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phase (See Fig. 7-2, 7-3), which appears throughout the whole
system as a tr iple al lspace-fil l ing arrangement of cuboctahedra,
rhombicuboctahedra and cubes, and end at the octahedron phase
(See Fig. 7-4), which appears again as a double allspace-fill ing
arrangement of truncated cubes and octahedra .

In other words, the original octahedra expand and ultimately
become truncated cubes. Every truncated cube wi l l become an
octahedron and every octahedron will become a truncated cube on a
large omnidirect ional complex of sets of four axes. There is a
c o m p l e t e c h a n g e o f t h e t w o fi g u r e s . T h i s o s c i l l a t i n g m o t i o n
makes an expanding and contracting system. In doing so, with a
osc i l la t ing system and a pu lsat ing c i rcumspher ica l expans ion-
contraction going on everywhere locally, the system becomes an
optical ly pulsat ing circumsphere.

Each exterior octahedron is a contracted truncated cube and
is approximately one of the spaces between the circumspheres of
the actual truncated cubes which overlap locally. Each octahedron
thus becomes available as a potential alternate new circumsphere
when the old circumspheres become spaces.

2. Other Types of Reciprocal Allspace-Fill ing Transformations
"Rotat ion of 4 Axes of Vector Equi l ibr ium" (vector equi l ib

rium means cuboctahedron) was discovered by R.B.Fuller in 1944
(Ful ler 1975b) . In 1976 he fur ther conceived and des igned a
l imi ted edi t ion of the metal sculpture "Complex of J i t terbugs",
demonstrating 4-D wave generation as the reciprocity of cubocta
h e d r o n a n d o c t a h e d r a i n a a l l s p a c e - fi l l i n g j i t t e r b u g . T h i s i s
the first complex model of synergetics topology with four axes,
which has been provided with omnidirectional conceptual compre
hension of the separate and combining transformations of local
energy events (Fuller 1975c).

By using the other types of the reciprocal a l lspace-fi l l ing
transformations, which I had the good fortune to discover and
develop in 1984-85 (kajikawa & Sagara 1985), we make a single
energy action in the spinning system and a complete omnidirec
t iona l ro ta t ion occurs so tha t every one o f the faces o f the
c o m p l e m e n t a r y a l l s p a c e fi l l e r c a n s h u t t l e b a c k a n d f o r t h .
S y n e r g e t i c s To p o l o g y a d d s s i x m o r e r e c i p r o c a l s p a c e - fi l l i n g
transformat ions:
(1) truncated tetrahedron + tetrahedron (See Fig. 8)
(2) truncated cube + octahedron (See Fig. 7)
(3) truncated octahedron + cube + truncated cuboctahedron
(4) cube + rhombicuboctahedron + tetrahedron
(5) truncated octahedron + cuboctahedron + truncated tetrahedron
(6) rhombicuboctahedron + cuboctahedron + cube
The distance between each of the two adjacent cores is always
constant in both double and tr iple al lspace-fil l ing arrangements.
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シナジェティクストポロジーモデルと、空間充填におけるその相互変換 
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	 プラトン、アルキメデスの多面体において、長さの等しい辺を 3,4 または 5 本ず

つその端部において相互に結合して角度的に自由に変化する柔軟な頂点によって

構成すると、正四面体、正八面体、正二十面体を除くすべての構造的に不安定な多

面体の形態は、変形させることができる。その時、頂点が半径の収縮する同一の球

面上に常に位置し、隣合う２頂点間を等距離に維持しながら、回転軸を対称的にス

ピンして、多面体の面数を減少させるトポロジーの存在が発見された。1944 年に

R.B.Fuller が、アルキメデスの準正多面体の１つである立方八面体を、対称的に

二重の正八面体に変換可能なことを示した発見と、これらの発見を結合し一般化し

たものが、シナジェティクストポロジーである。即ち、正および準正多面体はすべ

て、正四面体、正八面体、正二十面体のいずれか 1 つに連続的に変換される。これ

らの力学的に安定した３つの基底状態が、すべて 6 の整数倍から成り立つ辺数をも

つことによる辺における序列化によって、多面体相互間の周期律が出現する。それ

は、シンメトリーの階層構造を再現している。	 

	 さらにこれらの回転軸をもつ相補的なプラトン、アルキメデスの多面体の動力学

的なフレームモデルを、その中心核間距離が一定となるように、周期的に空間に配

置し、相互に連結することによって、回転軸上のすべての面が回転し連動して、一

方が収縮する時他方が拡大して形態が入れ換わる、新たな動力学的な空間充填シス

テム群の存在が明らかになった。このような空間充填システムの相互変換の過程に

は、プラトン・アルキメデスの多面体の空間充填におけるすべてのパターンが潜ん

でいる。	 
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